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Let k be a number field, Ok its ring of integers and Clk its ideal class group.

Let X be a smooth, complete, split toric variety over k,
equivariant compactification of a torus U
defined by a fan Σ with rays ρ1, . . . , ρN .

For all i = 1, . . . , N , let Dρi be the torus invariant divisor associated to ρi.
Then −KX :=

∑N
i=1Dρi

is an anticanonical divisor of X.

Assume that OX(−KX) is generated by global sections,
let ϕ : X → Pmk be the induced morphism.

Let

HPm
k

: Pmk (k)→ R≥0, (y0 : · · · : ym) 7→
∏
ν∈Ωk

sup
i=0,...,m

|yi|ν

where Ωk is the set of places of k and |.|ν the norm associated to the place
ν.
If k = Q, then HPm

k
(y0 : · · · : ym) = maxi=0,...,m |yi| whenever y0, . . . , ym ∈

Z and gcd(y0, . . . , ym) = 1. We note that we can always find such a repre-
sentative for a Q-rational point of Pmk . In this case the norm |.| involved is
the absolute value on R.
We define H : X(k)→ R≥0 by H = HPm

k
◦ ϕ.

Manin’s conjecture predicts that

N(B) := #{x ∈ U(k) : H(x) ≤ B} ∼ Ck,XB(logB)rkPic(X)−1, B →∞.

How to approach the proof.

Cox(X) ∼= k[x1, . . . , xN ], graded by Pic(X) : deg(xi) = [Dρi
] in Pic(X).

Let Σmax be the set of maximal cones of Σ.
For all σ ∈ Σmax we set xσ =

∏
1≤i≤N,ρi /∈σ xi.

Then

T := Spec(Cox(X)) \ V ({xσ : σ ∈ Σmax})

is a universal torsor of X. In particular it is a torsor of X under TNS =
Pic(X)∗ ∼= Gr

m, where r = rkPic(X).
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TNS T X over k there is only one universal torsor

T̃NS T̃ X̃ over Ok there are H1(Spec(Ok),Gr
m) ∼= Clrk universal torsors.

π

π

We have that

X(k) = X(Ok) =
⊔

[a]∈Clrk

π(aT̃ (Ok))

where the first equality holds because X is proper and aT̃ is a twist of T̃
with class [a] in Clrk.

For all x ∈ aT̃ (Ok) we haveH(π(x)) = 1
N(a−KX )

∏
ν∈Ω∞

supσ∈Σmax
|x−KX(σ)|ν ,

where Ω∞ is the set of the infinite places of k and x−KX(σ) are suitable
monomials of degree [−KX ] in Cox(X).

Let V = π−1(U), then

N(B) =
∑

[a]∈Clrk

#
(
{x ∈ V (k) ∩ aT̃ (Ok) : H(π(x)) ≤ B}/T̃NS(Ok)

)
.

T̃NS(Ok) ∼= (O×k )r ∼= µrk × Urk , where µk is a finite group and Uk is torsion
free.

Let ∆ be a fundamental domain for the action of Urk on V (k), then

N(B) =
1

(#µk)r
∑

[a]∈Clrk

#{x ∈ ∆(k) ∩ aT̃ (Ok) : H(π(x)) ≤ B}.

Now we can proceed with a Möbius inversion and lattice point counting
if the set {x ∈ ∆(k) : H(x) ≤ B} is bounded after embedding k into the
product of its completions at the infinite places.
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